The conformal bootstrap theory is studied by the determinantal method for the self-avoiding walk, which is equivalent to a dilute polymer in a solvent. The equivalence of the branched polymer in D dimensions to Yang-Lee edge singularity in D-2 dimensions is discussed by the determinantal method with the use of the N=0 limit in O(N) vector model.
Introduction
The conformal field theory was developed long time ago [1] , and the modern numerical approach was initiated by [2] . The recent studies by this conformal bootstrap method led to remarkable results for various symmetries [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] . With the small numbers of the prime operators, the determinantal method of the conformal bootstrap theory has been applied on Ising and Yang-Lee edge singularity models with successful accuracies [5, 6] . This paper deals with the self-avoiding walks and the branched polymers in a solvent, which are both considered in the replica limit N → 0 of O(N) vector model. Among various fixed points in the zero loci of the minors, some of them are identified as the self-avoiding walk (polymer) and a branched polymer case. It is well known that the self-avoiding walk and polymer in a solvent are equivalent and they have same critical phenomena, which are described by φ 4 theory, with an ǫ = 4 − D expansion [14, 15] . The branched polymer in D dimensions is known to be equivalent to the Yang-Lee edge singularity in D − 2 dimensions [16, 17, 18] and proved rigorously in Brydges2003. Therefore, the result of dimensional reduction may be not surprising, but the study by the determinant method will be interesting for its validity. The branched polymer has an upper critical dimension at D = 8, and Yang-Lee edge singularity has an upper critical dimension at D = 6. In this paper, we investigate the scale dimensions of the single polymer and a branched polymer by the determinant method, which satisfy the conformal boot strap conditions. This study is an extension of a previous analysis of Yang-Lee edge singularity based on 2 × 2 determinants [21] .
The bootstrap method is comprised of the crossing symmetry of the four point function. The four point correlation function for the scalar field φ(x) is given by
and the amplitude g(u, v) is expanded as the sum of conformal blocks
The crossing symmetry of
Minor method is consist of the derivatives at the symmetric point z =z = 1/2 of (3). By the change of variables z = (a+ √ b)/2,z = (a− √ b)/2, derivatives are taken about a and b. Since the numbers of equations become larger than the numbers of the truncated variables ∆, we need to consider the minors for the determination of the values of ∆. The matrix elements of minors are expressed by,
and the minors of 2 × 2, 3 × 3 for instance, d ij , d ijk are the determinants such as
where i, j, k are numbers chosen differently from (1,...,6), following the dictionary correspondence to (m, n) as 1 → (2, 0), 2 → (4, 0), 3 → (0, 1), 4 → (0, 2), 5 → (2, 1) and 6 → (6, 0).
2 Yang-Lee singularity in 2 ≤ D ≤ 6
With four parameters, ∆ φ , ∆ ǫ , ∆ ′ ǫ (which is a correction to scaling) and Q (which is spin 4 operator), 4 × 4 minors are applied to Ising model [5] . For Yang-Lee edge singularity, which is described by φ 3 theory with an imaginary coefficient, the constraint of the degeneracy ∆ φ = ∆ ǫ is considered. In the map of zero loci of 4 × 4 minors, there are several intersection points of lines. In the previous article [21] , we discussed the reason for the existence of such intersection point. These intersection points depend upon the parameter ∆ φ . In some cases, one of intersection point, for instance the intersection point of Ising model disappears with changing the parameter ∆ φ . Below we represent the results of the cases of D=6, 4 and 3 for Yang-Lee edge singularity.
D=6
In Fig.1 , D=6 is shown with Q = 8 and ∆ [21] , which is consistent with the value of Table 2 .
The values of ∆ φ = ∆ ǫ are listed in general dimensions in Table 1 , which will be used in the later section. Self-avoiding walk as N → 0 limit in the N vector model
In the large N limit of O(N ) vector model, which has scalar N -component field φ i (x) (i = 1, ..., N ), the scale dimensions become
where φ is a crossover exponent [22] , and in the large N limit, it is 2/(D − 2). The self-avoiding walk, which is equivalent to a polymer in a solvent, appears for N → 0 limit of O(N) vector model. In this case, the crossover exponent φ becomes one independent of the dimensions. Therefore, the case ∆ ǫ = ∆ T can be applied for the self-avoiding walk. In this paper, we use the degenerated relation of two scaling dimensions ∆ ǫ = ∆ T and the blow up at the degenerated point is considered.
The four point function of O(N ) vector model is expressed as [7] ,
with
where S means the singlet sector, T is a tensor sector, and A is an asymmetric tensor sector.
: φ a 2 (x) :
The crossing symmetry is the exchange between 1 and 3, which gives
For 2 × 2 minor, d 13 is defined as
In Fig.3 , The contour of zero loci of the minor d 13 is shown. The large N limit is represented by the line (black color) ∆ T = D − 2 in Fig.20 , where we put Since the line ∆ T = D − 2 is the value of the large N limit of N-vector model, one of lines in Fig.3 is interpreted as the line for ∆ T . The upper line, which is almost linear, is considered as N = −2 case (Gaussian fixed point). In D=3, the location of this line is read as 1.318, which is roughly close to 1.386. [13] .
We take the notation of the elements of the minors of (5) and (11), such as
where ∆ T = D − φ/ν. When ∆ φ = 0.5 for O(N) vector model in three dimensions D = 3, this fixed points are realized at N = ∞ and N = −2. For N = −2, ∆ T = 1.386, ∆ ǫ = 1 are obtained.
We now consider the case of self-avoiding walk or polymer in a solvent. For this case, which corresponds to N = 0 limit of O(N) vector model, the degeneracy of ∆ ǫ and ∆ T occurs, since the crossover exponent φ becomes one and these two quantities become same in the ǫ = 4 − D expansion.
In D = 4, ∆ φ = 1.0, the intersection of d 123 and d 124 is shown in Fig.4 , in which the polymer's scale dimension ∆ ǫ = ∆ T = 2.0 can be seen.
In D = 3, ∆ φ = 0.514( taken from [13] The ǫ expansion of ∆ ǫ (ǫ = 4 − D) for the polymer case, which is obtained by the limit N → 0 in the expression of O(N) vector model, is given by [23] Table 2 , obtained by the present evaluation of 3 × 3 minors. Padé analysis of the higher ǫ expansion may be applied to the determinantal result for D ≥ 4. In Fig.4 and Fig.5 , there are other intersection points, which values are smaller than ∆ T . This means they are a sub leading fixed point. In Table 4 , these second values are shown. Also there are other third points, which are close to the value of ∆ φ . It is interesting to have the triple degenerated case ∆ φ = ∆ ǫ = ∆ T , which connects the Yang-Lee edge singularity to the self-avoiding walks of N = 0 limit. We examine this triple degeneracy in the next section.
Branched polymer
The self-avoiding walk or polymer is described by φ 4 theory, and the upper critical dimension is 4. More than 4 dimensions, there is a fixed point, which is analytic continuaton of the fixed point described by ǫ expansion. The values of ∆ ǫ = ∆ T of such fixed points are shown in Table. 2 in D=8,7 and 6.
There is an interesting correspondence between a branched polymer in D dimensions and Yang-Lee edge singularity in D-2 dimensions. The branched polymer is described by φ 3 theory, but the critical dimension is 8 [16, 18] . The ǫ = 8 − D expansion agrees with the Yang-Lee edge singularity in ǫ = 6 − D expansion.
The branced polymer is described by the branching terms in addition to the self-avoiding term (single polymer). We write the action for the p-th branched polymer as N -replica field theory
The term φ p α represents the p-th branched polymer. After the rescaling and neglecting irrelevant terms, the following action is obtained
where
. As same as before, N = 0 replica limit of O(N) vector model is applied for a branched polymer. Our analysis of the minors of ∆ ǫ = ∆ T are relevant also to a branched polymer problem. We find the several fixed points in the plane of ∆ ǫ , ∆ T . In the branched polymer case, the triple degeneracy occurs
The last term of 1 is due to the definition of ∆ φ . Note that φ 3 term, which gives the upper critical dimension 8.
The ǫ expansion of the branched polymer was studied [17, 16] ,
where ǫ = 8 − D. The scaling dimension ∆ φ is defined by
In above formula, if we put D → D − 2, and put ǫ = 6 − D, then we get
where ǫ = 6 − D. This last formula is exactly same as Yang-Lee edge singularity ∆ φ = 2 − 
This leads to
The condition ∆ ǫ = ∆ φ is necessary for Yang-Lee edge singularity, and it was used for the conformal bootstrap analysis [5] . By the dimensional reduction, the values of exponents η and ν of branched polymer become same as Yang-Lee edge singularity. The scale dimensions of ∆ ǫ and ∆ φ , however, become different since they involve the space dimension D explicitly. In branched polymer of D = 8,
where for Yang-Lee edge singularity of D=6,
In general dimension D ≤ 8, from the equivalence to Yang-Lee edge singularity, we have
as shown in (24) for D = 8. This relation is related to the supersymmetry as discussed in [13, 24, 25] .
We get the following relations fig. 6 shows the map of (x,y) = (∆ φ , ∆ ǫ ). The horizontal line at ∆ φ = 6 is due to the degeneracy of ∆ ǫ = ∆ T = 6 and other horizontal line at ∆ ǫ = 3 is due to the pole of ∆ ǫ = (D − 2)/2.
We confirm the dimensional reduction to Yang-Lee model in D −2 dimension for 4 < D < 8.
In the map of zero loci for ∆ ǫ and ∆ T , we obtain Fig. 7 at D=8. 
Summary
We have considered three models, Yang-Lee edge singularity, polymer and branched polymer cases. They are characterized by the degeneracies of the primary operators, ∆ ǫ = ∆ φ , ∆ ǫ = ∆ T and ∆ ǫ = ∆ φ + 1, respectively. For these cases, the scaling dimension ∆ ǫ is obtained accurately by the small size of minors. For the branched polymer case, the relation ∆ ǫ = ∆ φ + 1 is same as the supersymmetry theory [24, 13, 25] , where additional Grassmann variables give the dimensional reduction (-2). For Yang-Lee edge singularity, in the previous article, we have discussed 2 × 2 minor d 13 and by the use the estimated critical value of D for ∆ φ = 0, we estimate the accurate value of Yang-Lee exponent through Padé approximation [21] . In this paper, we confirm this previous result by calculating the value of ∆ ǫ at D=3 by 4 × 4 minors.
For the self-avoiding walk, the N = 0 limit of O(N) vector model, the scaling dimension ∆ ǫ is obtained from the intersection of the zero loci of 3 × 3 minors with rather good accuracy.
For the branched polymer case, we find the fixed points which confirm the equivalence between the branched polymer in D dimension and Yang-Lee edge singularity in D − 2 dimension. The supersymmetric condition ∆ ǫ = ∆ φ + 1 is found in this branched polymer case.
The dimensional reduction in random field Ising model (RFIM) has been discussed, and in this case, the reduction to pure Ising model does not work in the lower dimensions. We will discuss this problem by the conformal bootstrap determinant method in a separate paper [26] .
